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An Optimal Control Approach to Terminal
Area Air Traffic Control

David K. Schmidt* and Robert L. Swaimf
Purdue University, West Lafayette, Ind.

In this investigation, the problem addressed is the specification of the curved approach paths and
landing sequence for a group of aircraft desiring to land in a terminal area such that the terminal-
area system performance is maximized. The multiple-aircraft problem includes the aspect of compe-
tition or cooperation between the vehicles by formulating the problem as a set of disconnected opti-
mal trajectories. The flight paths are governed by kinematic equations of motion while in-flight and
terminal-time separation inequality constraints between trajectories are imposed. The performance
criterion for the system is the sum of the flight durations plus the integrated weighted accelerations
of the aircraft. The solution approach employs penalty functions for the treatment of the inequality
constraints and is based on the steepest descent algorithm. A num'ber of examples are presented
which involve interactions between two and three aircraft. Parametric results are also included for
some single-aircraft examples. The basic approach assumes the initial conditions are known for all
aircraft before the solution process begins. In addition, a sequential solution algorithm is also dem-
onstrated which allows the initial conditions to be made known to the system only a short time be-
fore arrival into the terminal area. A comparison between the two algorithms is presented.

Introduction

AIR traffic congestion is quite understandably prevalent
in the terminal area and is expected to get worse in the
future as predictions indicate that a four-fold increase in
the number of terminal operations (takeoffs and landings)
can be expected by 1995. Consequently, the FAA1 is de-
veloping and incorporating new traffic control equipment
into the ATC system such as the new microwave landing
system (MLS). This MLS will not only provide better ac-
curacy for standard approach procedures, but, when con-
sidered along with the new area navigation (RNAV) con-
cepts, could also potentially provide greater freedom of
trajectory selection for terminal area operations. The ob-
jective of this paper is, therefore, to summarize some of
the results obtained (c.f. Ref. 2) concerning the applica-
tion of optimal control techniques to the determination of
the aircraft landing sequence and curved approach flight
paths which are to improve terminal area system perfor-
mance by making use of the flexibility provided by the
new MLS and RNAV systems.

Within the topic of analytical investigations of terminal
area traffic control, the approaches encountered range
from operations research techniques to optimal control
applications which are usually formulated as single air-
craft, four dimensional guidance problems. Blumstein3

and Simpson4 were among the first to address the termi-
nal area problem analytically by using queueing theory
and simulation models to define maximum airport capaci-
ty and to make recommendations for new operational pro-
cedures. These procedures were variations of the tech-
niques presently used such as holding queues, or "stacks"
and one-dimensional instrument landing systems (ILS).
These investigations pointed out the detrimental effect on
capacity resulting from mixed traffic categories and com-
mon flight paths, particularly on the final ILS flight path.
The advantages of curved approaches were implicit in

Received October 13,1972; revision received January 2,1973.
Index categories: Air Navigation, Communication and Traffic

Control Systems; Navigation, Control, and Guidance Theory.
*Ph.D. Candidate, School of Aeronautics, Astronautics, and

Engineering Sciences; presently Visiting Assistant Professor. Mem-
ber AIAA.

tAssociate Professor. Associate Fellow AIAA.

their suggestions to minimize the length of common final
glide slopes.

Telson,5 Athans and Porter,6 and Tobias7 addressed the
problem of on-line algorithms for flow control. The flight
paths were defined in a discrete manner such as constant-
radius turns and straight-line segments. Complete free-
dom of flight-path geometry was not allowed and conflicts
were eliminated by delaying the aircraft in holding pat-
terns. Straight-line paths were specified between the in-
tersection nodes in modeling the terminal area. Using this
model, Telson and Athans and Porter assumed a single
category of aircraft while Tobias made the similar as-
sumption initially, then showed a capacity reduction of
approximately 40% if two speed categories are assumed.
These findings again show the potential advantage of
complete freedom of flight-path selection and curved ap-
proaches for delivering aircraft with different velocity
characteristics to the final landing gate.

Similar flight-path geometries are also present in the
guidance approaches of Cherry, et al.,8 Erzberger and
Lee,9 and Lee and McLean.10 However, the freedom to
select the flight path is provided for by a four-dimensional
guidance technique to deliver the aircraft to a particular
position and heading at a prescribed time. This guidance
problem is, however, inherently single-air craft oriented
and the aspect of "competition" between aircraft is as-
sumed to be incorporated in some higher level controller
which specifies the final positions, velocities, and times.

Flight-path optimization of a single aircraft has been
investigated quite extensively from the standpoint of
maximizing the capability of the aircraft. Such problems
as minimum-fuel trajectories or minimum-time trajec-
tories to climb to altitude have been addressed. However,
these investigations were not for the purpose of improving
multiple-air craft operations. Multiple-aircraft control,
however, was investigated by Shultz and Kilpatrick11 for
an aircraft carrier landing system. Optimal-trajectory seg-
ments, such as minimum-fuel landing trajectories for a
single aircraft, were used as portions of an overall control
algorithm. The handling of conflicts, however, were heu-
ristically controlled and the aircraft were all fighter-type
aircraft with similar velocity characteristics.

In contrast to these investigations, this paper presents
the multiple-aircraft landing problem formulated as a set
of disconnected optimal trajectories.12'13 This approach
provides for three-dimensional, curved trajectories and in-
cludes the effect of "competition" between aircraft of var-
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Minimum time separation between aircraft arrivals at
the final gate is obtained with the terminal constraint

Runway Threshold

Fig. 1 Terminal area geometry.

ious flight characteristics. The solutions to some example
problems are found via the Steepest-Descent technique.14

Although preliminary in nature, this analysis is intended
as a basic step toward the ultimate goal of optimal or
semioptimal automated terminal air traffic control. The
purpose is twofold. The first is to develop a unified opti-
mal-control formulation of the ATC functions of landing
sequencing, trajectory specification and aircraft spacing.
The second is then to use this formulation and solution
technique to develop, analyze, and compare various sim-
pler semioptimal control policies which could be used,
along with precomputed trajectories, by a computer con-
troller for efficient, on-line air traffic control.

Problem Definition and Formulation

Consider a number of aircraft desiring to land on a
given runway available only to landing aircraft. These air-'
craft are assumed to be under positive control in the ter-
minal airspace out to, say, 20 naut miles from the run-
way threshold, the origin of a ground based coordinate
system as shown in Fig. 1. This terminal area system
therefore consists of the aircraft subsystems over which
direct flight-path control is possible. We then state the
terminal-area-control problem as the determination of the
aircraft trajectories such that some measure .of total sys-
tem performance is maximized (minimized). Constraints
on the system include the differential equations of motion
of the aircraft as well as in-flight and landing-time sepa-
ration requirements.

This problem can be formulated as the determination of
the optimal set of disconnected trajectories, depicted
schematically in Fig. 2. Associated with each trajectory
will be its equations of motion relating the n state vari-
ables, jc, and the m control variables, u, of each aircraft.

=/<(*«, (D

These are the selected equations of motion of the ith air-
craft while N is the total number of aircraft being consid-
ered. The aircraft's initial conditions are those at the time
the aircraft enters the system (e.g. at 20 naut miles) and
the terminal conditions are the selected final -approach
conditions for that aircraft. Minimum in-flight separation
constraints appear as state variable inequality constraints
between aircraft such as

where X, Y, and h are the aircraft position coordinates
and -Rmin and A/imin are the minimum allowable range
and altitude separation, respectively. In the examples dis-
cussed later, #min and A/imin are 1.5 naut miles and 1000
ft, respectively.

T(ti9tf)= \tb -tb\ - (3)

where tb is the final time for the aircraft and A£min is the
minimum time separation. This constraint is not used to
determine the landing sequence as this could be deter-
mined from the uncontrained solution first.

The system performance index to be minimized consists
of the sum of the aircraft flight times plus the weighted
sum of the integrated aircraft accelerations. Or

8 -ta)i i
(4)

where (a/W^a^) is a quadratic form in terms of the
weighted acceleration vector, a*, of the iih aircraft, while
tai and tbi are the entry time and final time of the ith air-
craft. The first term tends to maximize aircraft landing
flow while the second tends to maximize passenger com-
fort and provide for smooth trajectories.

It should be emphasized that the optimal-control prob-
lem here addresses the multiple-aircraft problem. The
purpose is not to minimize the time for a particular air-
craft, but a system of aircraft. In addition, there is a pen-
alty for extreme aircraft acceleration which would not
only be unpleasant for the passengers, but also difficult or
impossible to achieve.

The final solution desired is the set of positions and ve-
locities which the aircraft are to follow and not necessarily
the aircraft controls (e.g., thrust, angle of attack, etc.).
Hence, kinematic relationships only are needed. Addition-
al constraints resulting from the performance capability of
the vehicle, should they occur, would then impose flight
path contraints. However, this would be done only after
considering the unconstrained solution first, which is the
subject of this investigation. With adequate weighting of
the acceleration components in the performance index,
little or no limitations on maneuverability may result.

The equations of motion to be used for the aircraft then
consist of the kinematic equations

V = av y = a-y/V

X - ax/V cosy k = V siny X = V cosy eosx

Y = V cosy sinx (5)

where, as shown in Fig. 1, X, Y, and h are the position
coordinates with reference to a fixed, ground-based coor-
dinate system with the origin at the landing runway
threshold. Likewise, V is the aircraft velocity, 7 the flight-
path angle measured from the local horizon and x the
heading angle measured from the positive X axis. The
three controls are the accelerations in the velocity coordi-
nate system. They consist of the longitudinal acceleration,

A In-Flight Separation

B Terminal Time Separation

Second Nth
^Trajectory ^Trajectory

First I
Trajectory I

- • I I

1
1
1

1 1 . . .1
h— »

ii
i

! B i ! i
(1) (2) (N) (N)

tf tf to tf

Fig. 2 State history schematic.
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Table 1 Initial and final conditions

Velocity (knots)
V0vf

Flight path angle (deg)
To
Tr

Final heading (xf)
(deg)

Initial range, RQ
(naut miles)

Initial azimuth, ^o
(deg)

Initial altitude, HQ
(ft)

CTOL

160
90

0
-3
180

20

0-(-90)

8000-10,000

STOL

225
60

0
-7.5
180

20

0-(-90)

8000-10,000

Jet
transport

225
150

0
-3
180

20

0

12,000

av, the lateral acceleration, ax, and the vertical accelera-
tion, a7.

The entry conditions for the aircraft arriving into the
control zone are considered specified with respect to the
terminal area system. In the future, the arrival conditions
for all arrivals may be known to the system far before the
actual arrival. However, at present, these conditions can
only be predicted shortly before arrival. The arrival condi-
tions assumed for the examples to be discussed later are
compatible with the assumed vehicle types and current
traffic procedures. The aircraft are considered to be in
level flight with a velocity-heading-angle directed toward
the origin of the ground based coordinate system. The
maximum velocity considered at entry was less the re-
quirement for aircraft below 10,000 ft alt in a controlled
terminal area. The aircraft could potentially enter at any
azimuth angle measured from the runway centerline and
at an altitude of, perhaps, between 8000 and 12,000 ft.
The formulation and solution technique does not limit
these arrival conditions, they are simply chosen as repre-
sentative for the problem.

The landing gate conditions, or exit conditions, also de-
pend on the type of aircraft being considered. The final
approach velocities considered range from 90 knots for
slower conventional aircraft, 60 knots for STOL, and 150
knot for large jet transports. The final heading angle is of
course aligned with the runway centerline (i.e. in the -X
direction) and the final flight path angle is -3° for CTOL
and -7.5° for STOL. The exit or landing gate is assumed
to be at 2000 ft slant range from the runway threshold and
elevated to the proper flight path angle for the particular
aircraft. The final 2000 ft before touchdown are not specifi-
cally considered in this system. This final portion of the
trajectory is fixed since it is assumed the aircraft will require
a short, nonmaneuvering final approach to prepare for
landing. This requirement is compatible with Farrington15

in his analysis of autopilot capabilities for a STOL vehicle
flying curved terminal-area approaches. For optimum sys-
tem performance this final gate should be at a minimum
distance from the runway threshold, thereby requiring a
minimum common flight- path distance.

These terminal conditions result in the following six
terminal constraints being imposed on each aircraft tra-
jectory

~ n = 0

- Y(t,) = 0 0

2 = -y(tb) -y f ina l = 0

^ = X(tb) -2000 cos|yf inal |

= h(tb) - 2000 s i n f y f i n a i l (6)
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X60"
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>- 30"

V0 = 2 2 5 knots

= -7-5 deg.

TIME,
( S E C - )

30 , 60 90
X RANGE,(1000 FEET)

120 150

0~~* 5 10 J5 20
X RANGE, (NAUTICAL MILES)

Fig. 3 Time-acceleration optimal trajectories.

The Steepest-Descent Solution

The flight separation and terminal-time inequality con-
straints are incorporated into the solution with the use of
penalty functions. The terminal-time constraint is treated
with a penalty function as described by Kelley16 which re-
sults in an augmented performance index of the form

0 = . # 0 + * * {\**'-tb\ -A/min}2 (7)
ij i j

In this expression, 0o is the original performance index to
be minimized, Ktij is a nonnegative parameter selected in
the solution algorithm, and the remaining term expresses
the terminal time constraint. The absolute value of the
final time difference implies that the landing order is not
initially known.

The flight separation constraint is also treated with a
penalty function, but for computational ease the tech*
nique of Lasdon, et al.17 is used. In this approach, the
augmented performance index takes the form

tit/C(xi9 (8)

where KSij is another non -negative parameter and C(xitXj)
is the flight-path separation constraint of the form

C ( x i 9 x f ) =
1/2

(9)

40 60 80

RANGE, (1000 FEET)

100 120 140

10 15 20
R A N G E , ( N A U T I C A L M I L E S )

Fig. 4 Time-acceleration optimal flight profiles.



184 D. K. SCHMIDT AND R. L. SWAIM J. AIRCRAFT

Table 2 Acceleration weighting coefficients

wx

CTOL
STOL
Jet transport

3.0
1.0
3.0

0.1
0.1
0.1

0.1
0.1
0.1

Here Xt, Yj and ht are the position coordinates of aircraft
i and .Rmin and A/imin are the minimum allowable hori-
zontal range and altitude separations, respectively. Clear-
ly this term tends to penalize small aircraft separations
and the amount of the penalty will depend on the magni-
tude of KSij. It is important to note the definition of the
upper and lower limit on the integral, taij and tbij. The
integrand is only defined for the time during which air-
craft i and j are both in the system. Therefore, taij is the
arrival time of aircraft i or ;, whichever occurs later, and
tbij is the final time of aircraft i or 7, whichever occurs
earlier. Now the total system index of performance is of
the form

= S{<*. -i
t=l i

/
"i _

{\tt -

Q
<3

O
z

Si
IU

.OOn
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'300-
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TIME, (SECONDS)

40O 5OO

(10)

Fig. 5 Velocity, flight path and heading angle histories-
STOL,

Now define an auxiliary state variable, Pit for each air-
craft such that

Pi = ai'Waai (11)
i

and define auxiliary system state variables, stj, such that

s „ = Ks /C(xi9 xj) = gu(xi9 xf) (12)
if

If the initial conditions on these state variables are set to
zero and the specified initial times are deleted, the perfor-
mance index can be stated as

where, as defined before i=l i
'£[Kt {\tb -tb | -
ii ij i i

tbi = final time of aircraft i
tai = arrival time of aircraft i
a>iWaia,i = weighted acceleration vector squared of air-

craft i
Ktij,KSij = selected numerical parameters
A£min = minimum final time separation
C(xi,Xj) = state-variable position constraint on the flight

paths of aircraft i and;
taij = the later of the arrival times of aircraft i and;
tbij = the earlier of the final times of aircraft i and j

and 2j/H represents a sequence of terms [•], one for
each pair of aircraft i,j. Consequently, the total uncon-
strained solution can be initially determined with all the
penalty function parameters Ktij and KSij initially set to
zero. Then, if a particular separation is violated, the ap-
propriate coefficient is set to a nonzero value. This value
is increased until the conflict is eliminated.

or functionally

* . ) , * > , • • • , * * ( * 6 ),tb ,s(tb)} (14)
i i N N s

where the Xi(tbi) are the final values of the state variables
of the ith aircraft, and s(tbs) is the set of all the final
values of the system state variables defined by the flight
separation penalty functions.

The terminal constraints for each aircraft, \pt, involve
only the final states of that particular aircraft. Conse-
quently, the adjoint multipliers, X^, associated with these
terminal constraints are defined by the familiar adjoint
equations

V = ~V-§: (15)

where //is defined in the system equations (1). The termi-
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Fig. 6 Velocity, flight path and heading
angle histories—CTOL.
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Fig. 7 Velocity, flight path and heading angle histories—jet
transport.

nal conditions on the X^'s are

where the stopping condition

(16)

(17)

is selected from the p terminal constraints, i//j, on the ith
aircraft.

In the case of the performance index

(18)

the analysis is more involved due to the presence of the
aircraft and system state variables evaluated at the differ-
ent terminal times and the different time domains of the
system equations. Now the ith stopping condition, 12,, de-
termines the final value of the iih aircraft's state vari-
ables. Also, it determines the terminal time for evaluating
some of the system separation state variables Sij(tbij).
This situation occurs if the ith aircraft lands before the
yth aircraft (as discussed earlier). When this is the case we
will denote 12/ as QSi . even though they are identical.

Now denote the adjoints for each aircraft associated
with the performance index as X^ t and those associated
specifically with the separation constraint auxiliary state
variable as \Sij. The adjoint equations resulting for these
variables are

-0 (19)

0
U
(S)

H 2
U
LU

LJ
(J
U

100 200 300
TIME,(SECONDS)

400 500

Fig. 8 Acceleration histories—STOL.

Table 3 JET-STOL landing separation summary

t0 (sec) tfu (sec) WiAiw
a t/c (sec) WiAic

a

STOL 0 467 188 512 425 160 254
85 462 138 457 — 144 —

Jet 95 472 138 — 482 — 134

"Integral of weighted acceleration quadratic, (ft2/sec4/sec).

and

x; = -A; -4±-u(t-ta )u(tb -t)\'s -4 -̂ (20)
i i °Xi ij ij ij °xi

in the interval (tai, tbd), where gtj is defined in Eq. (12)
and U is the unit step function defined by

(21)

The terminal conditions on these adjoints are

BxAti b Bx f b

(22)-iJ 13

where

(23)

Note that in Eq. (22), the expression d$lSij/dXi is the par-
tial derivative of &Sij with respect to the states of aircraft
i and is used only if aircraft i lands first in the aircraft
pair*/.

Now the integral quantities for each trajectory may be
defined to be

•* th <f> — dt

(24)

The WUi are selected weighting matrices associated with
the control perturbation step size which is

N t

(25)

The quantities for the system analogous to those for a

Table 4 In-flight separation summary

STOL
Jet

to(sec)

0
5

t^(sec)

459
382

WAiJ-

179
138

tfc(sec)

461
382

W^

181
139

"Integral of weighted acceleration quadratic, (ft2/sec4/sec).
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Fig. 9 Acceleration histories— CTOL.

single trajectory can now be defined such that the control
perturbations for the iih aircraft are

4 [X0 - X, }dR

^-h x, (26)

where

dR2 = (27)

and
d\fsi = desired improvement in the values of ^t for the next
iteration (i.e., d$t = -K^, 0 < K < 1)

When the ^ constraints are met, the gradient of the sys-
tem performance index with respect to the control pertur-
bation is

(28)

The positive sign in Eq. (26) is used if 0 is to be maxim-
ized and the negative sign is used if 0 is to be minimized.

If all the entry conditions are assumed known in ad-
vance, the unconstrained solution for all aircraft is ob-

580T

560-

540

520-

480
-J
<

L_ 460

440

STOL
h =8000ft. \

.1
JET TRANSPORT

h°=12,000 ft.
t f = 377 SEC.

20 40 60 80 100
ENTRY AZIMUTH,Yo (DEGREES)

Fig. 11 Parametric final time.

tained first with all the penalty-function coefficients equal
to zero. Then, if a separation or terminal-time inequality
constraint is violated, the value of the appropriate pen-
alty-function coefficient is increased and the solution is
again obtained. This process continues until adequate
separations are obtained.

If all aircraft's initial conditions are not initially known,
a sequential solution algorithm is used. For example, as-
sume the entry conditions for an aircraft are made known
to the "system" one minute before its arrival. The solu-
tion for this aircraft may then be obtained prior to its ar-
rival time. Then, at some time later, a second entering
aircraft's entry conditions are "reported" one minute be-
fore it's arrival. Now, while the first aircraft follows its
initially prescribed trajectory and prior to the second air-
craft arrival, this two-aircraft solution may be obtained. If
no conflict between the two aircraft occurs, the initial air-
craft's trajectory will not be perturbed. In the case of a
conflict, both aircraft's initial trajectories will be con-
strained to alleviate 'it. However, for an algorithm of this
type to operate in real time, the average time required for
solution must be less than the interarrival rate of the air-
craft.

3-1

U
LU
00

2 -

LU
LU
U_

I/)
Z
O

LU
(J
U

Fig.

0 100 200 300 400

T I M E , ( S E C O N D S )

10 Acceleration histories—jet transport.

Example Results

With curved approaches and a minimal use of common
flight paths, it is conceivable that in many instances a

Table 5 Three aircraft solution summary

Solution one Solution two
1 Init. cond. known Sequential algorithm

Final time (sec):
CTOL
STOL
Jet

Integrated accelerations
(ft2/sec4/sec):

CTOL
STOL
Jet

Performance index

605
546
488

84
173
156

2052

602
544
486

93
178
160

2063



MARCH 1973 TERMINAL AREA AIR TRAFFIC CONTROL 187

particular aircraft may not violate the separation criteria
with another. Also, even if such encounters do occur, the
unconstrained solutions are required to determine the
landing sequence. Consequently, parametric results have
been obtained for some independent aircraft examples.
Three aircraft categories are considered with different
speed ranges and different entry and exit conditions.
These are presented in Table 1.

The emphasis in these examples will be on cases in
which the slower, more maneuverable aircraft (e.g. light
twins and STOLs) will approach the landing gate from
the side, while the larger jet transports will follow a more
"straight-in" approach. Consequently, the entry azimuth
for the jet transport will always be zero.

The weighting matrix for the acceleration in the perfor-
mance index was taken as a diagonal matrix. The diago-
nal elements for the three aircraft categories are given in
Table 2.

The weighting on the longitudinal acceleration, wv, is
smaller on the STOL than on the other two to reflect the
fact that STOL aircraft will usually exhibit greater longi-
tudinal controllability through the use of larger flap de-
flections or jet-tilt devices. Also, the weighting on the lat-
eral accelerations and vertical accelerations, Wx and wy, is
less than on the longitudinal accelerations. This also is
due to the greater controllability in these axes than along
the longitudinal direction.

The horizontal ground traces for a STOL-type aircraft
entering at 10,000 ft alt are parametrically given in Fig. 3
to show the geometry of the trajectories for various entry
azimuths. The trajectories for a CTOL-type craft result in
a geometry varying only slightly from that given. The alti-
tude-range profiles for the three aircraft categories are
then given in Fig. 4. The entry azimuth for the jet is zero
while that for the other aircraft is -60°. These profiles are
quite insensitive to entry azimuth when plotted versus
ground range, R. For reference, the velocity, flight-path
and heading-angle histories for these three trajectories are
given in Figs. 5-7. The acceleration histories are then
given in Figs. 8-10. The final times for the aircraft are
given parametrically versus entry azimuth in Fig. 11,
while the integrated accelerations are shown in Fig. 12.

350-

U
u
CO

, 300-

250-

STOL
- h0=8000ft.

JET TRANSPORT

^o=0
h0=12,000 ft.
INTEG. ACCEL.= 138

0 2O -4O 60 8O 100
ENTRY AZIMUTH,T0(DEGREES)

Fig. 12 Parametric integrated accelerations.

P 15-
u
LJ
U.
Og 10

u
Q

20 40 60 80 100
RANGE, (1000 FEET)

120 140

5 10 15
RANGE,(NAUTICAL MILES)

20

Fig. 13 Jet-STOL air separation flight profiles.

Also depicted in these figures is the effect of doubling the
longitudinal acceleration weighting coefficient for the
STOL aircraft.

An example involving conflicts between two aircraft at
the terminal time includes a STOL aircraft entering at an
azimuth of -45°, 10,000 ft altitude and a jet transport fol-
lowing a straight approach entering at 12,000 ft. The un-
constrained final time fo^r the STOL is 467 sec after entry,
while that for the jet is 377 sec after entry. Consequently,
if a jet arrives 90 sec after a STOL vehicle, a conflict will
occur at the final gate. Table 3 summarizes the results for
two examples of this type. In the first case the jet enters
85 sec after the STOL and lands first, while in the second
case, the jet enters 95 sec after the STOL and lands sec-
ond. The resulting final times and integrated accelera-
tions for the aircraft are given. The solution algorithm re-
quires the landing sequence in the constrained case to be
the same as the sequence when unconstrained. Upon fur-
ther investigation, this assumption was found to lead to a
sub-optimal solution for the jet arriving at 95 sec (i.e. the
landing order should actually be reversed). The minimum
final time separation required is 60 sec (±5 sec). When
this time separation was achieved, the 1.5 naut mile hori-
zontal range and 1000 ft alt separation criteria were not
violated.

An example involving only an in-flight separation con-
flict involves a STOL vehicle and a jet, both entering at
an azimuth of zero. The jet arrives at an altitude of 12,000
ft while the STOL arrives at 10,000 ft. This results in the
unconstrained trajectories crossing at approximately 10
miles from the runway threshold, as shown in Fig. 4. If
the jet arrives 5 sec after the STOL, this crossing occurs
at the same time along the trajectories, thereby violating
the in-flight separation constraint. The resulting con-
strained trajectories are given in Fig. 13, with the dashed
lines showing the unconstrained trajectories. The tick
mark near the end of the STOL trajectory shows the posi-
tion of this vehicle when the jet arrives at the landing
gate. The final times and integrated accelerations are
summarized in Table 4. The final time separation is
greater than 60 sec in both the constrained and uncon-
strained cases.

The final example involves three aircraft, one of each
type. The CTOL vehicle is assumed to arrive at an azim-
uth of -45° and an altitude of 8000 ft. A STOL vehicle
also arrives at -45° azimuth and 10,000 ft alt. Finally, a
jet arrives at zero azimuth and 12,000 ft alt. The assumed
arrival time of the CTOL is taken as a zero reference
time. The STOL enters one minute later, while the jet ar-
rives another minute later, after the STOL. This results
in the unconstrained landing times of 547, 527 and 497 sec
for the CTOL, STOL and jet, respectively. Two solutions
for this case were obtained. The first assumed the entry
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conditions were all known and the entire three-air craft
problem was solved. The second solution assumed the ini-
tial conditions were only known one minute before the re-
spective aircraft's arrival. This second solution then in-
volved three problems, the single aircraft solution for the
CTOL, then the CTOL-STOL two-aircraft solution, and
finally, the three aircraft solution. This entire sequential
solution was obtained in one computation "run." When
one solution was obtained, the initial conditions for the
"new" aircraft were then input while the initial conditions
for the aircraft already in the "system" were updated to
those one minute later (in simulated time) along their
previously prescribed trajectory. This portion of the solu-
tion was then obtained. The final times and total inte-
grated accelerations for the two solution techniques are
summarized in Table 5. The difference in the final perfor-
mance indices reflects the penalty due to the lack of
knowledge of the entry conditions before the entire multi-
aircraft problem is solved.

Summary

The formulation and an example solution technique has
been presented for the determination of the landing se-
quence and multiple-air craft flight paths which lead to
the minimization of the sum of the aircraft flight dura-
tions and integrated accelerations in the terminal area.
The formulation is based on the theory of disconnected
optimal trajectories, while the Steepest-Descent technique
is used for obtaining the solutions to some example prob-
lems. Terminal time and in-flight separation inequality
constraints are imposed and penalty functions were used.
This effort is intended to be a step toward the ultimate
goal of automated terminal area trajectory and landing se-
quence specification.

For an approach of this type to operate on-line, alter-
nate solution techniques and computational hardware
must be investigated. The Steepest-Descent approach, al-
though helpful in obtaining preliminary results, lacks the
speed and reliability for on-line usage. For these examples
the computation time required (on the CDC 6500 ma-
chine) ranged from 40 sec for a single trajectory to 265 sec
for a three-air craft example. The sequential solution of
the last example discussed required 45 sec for the initial
single-air craft trajectory, 95 sec more for the two-aircraft
solution and 170 additional sec for the final solution in-
volving the three aircraft. Faster computational hardware
and/or software or perhaps even hybrid computation may
possibly provide the necessary speed for on-line operation.
Alternatively, simpler algorithms for quickly obtaining
semi-optimal results would also be adequate.

Another approach, potentially even more attractive,
could make use of precomputed trajectories and sequenc-
ing policies. These could be stored parametrically and
thus the complete two-point-boundary-value problems
need not be calculated over and over for each aircraft.

The computer-controller need only "interpolate" between
precomputed trajectories and control policies.
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